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ABSTRACT

ON THE ESTIMATION OF POINCARE MAPS OF
THREE-DIMENSIONAL VECTOR FIELDS NEAR A HYPERBOLIC
CRITICAL POINT

By

Yuting Zou

We study the estimation of Poincaré maps of three-dimensional vector fields
near a hyperbolic critical point, which involves linearization problems. Standard
linearization theorems have several defects in applications. They usually require
complicated non-resonance conditions on the eigenvalues of the vector field at the
critical point. Even when one has these non-resonance conditions, as one gets close to
a resonance, the size of the neighborhood where the C' L Jinearization exists typically
gets too small for practical uses. We seek for a linearization theorem that overcomes

these shortcomings and may have broad practical applications.

We have proved a partial linearization theorem that gives a C! linearization
h near a hyperbolic critical point p on a two-dimensional invariant surface ¥ of a
three-dimensional vector field X. Let the eigenvalues of DX (p) be a, b and ¢, where
a > 0> b > c. Essentially our theorem only requires that 2b > ¢ to obtain A in some
neighborhood U of p in ¥. In addition, the explicit size of U is found, which depends
on the C2 information of X , as well as the 0 and C1 sizes of h. Based on our
partial linearization theorem, we obtain desired estimation of Poincaré maps from
some transversal curve to the stable manifold of p to another transversal surface to

the unstable manifold of p.

Our estimation of such Poincaré maps will have many applications, including an



in-depth study of the famous Lorenz equations. For example, it seems likely that
we will be able to substantially improve results of Tucker on the existence of the
Lorenz strange attractor, and obtain rigorous results on the existence of chaos near
the first homoclinic bifurcation as numerically investigated in the well-known book

of Colin Sparrow.
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Chapter 1

Introduction

Let M be a smooth (C°°) three dimensional Riemannian manifold with associated
topological metric d, and let X be a €2 vector field on M with a hyperbolic critical

point pg € M with real distinct eigenvalues a, b, ¢ satisfying

a>0>b>c (1.1)

Assume that X is forward complete in the sense that, if ¢(¢, z) denotes the local

flow of X, then, ¢(¢, ) is defined for all ¢ > 0 and all = € M.

Let W3 (pg), W*5(pg), W¥(pg) denote, respectively, the stable, strong stable,

and unstable manifolds of py.

These are defined as follows.

W3(py) = {x € M : ¢(t, ) exists for all t > 0 and tlim d(o(t,x),pg) = 0}
— 00



W3 (pg) = {x € M:¢(t,z) exists for all t >0

1
and limsup — log d(¢(t, z),pg) < b}
t—oo 1

W% pg) = {x € M : ¢(t,x) exists for all ¢ <0 and . lim d(¢(t,z),pg) = 0}.
——00
It is well-known that W¥*(pg), W*%(pg) and W4(p) are C? injectively immersed

copies of the plane and line, respectively, in M.

Let us use the notation Comp(F, x) for the connected component of the set £
containing the point z. For a point p € W¥(p() and a neighborhood U of p in M, let
W4(p,U) = Comp(W?*(pg) (U, p). One can choose arbitrarily small neighborhoods
U so that W¥(p,U) is a topological 2-disk and U \ W¥(p,U) consists of a disjoint

pair of open 3-balls.

Let p € W3(pg) \ {po}, ¢ € W% ) \ {pg} and let N be a smoothly embedded
2-disk in M, such that N is transversal to Wu(po) at ¢. An application of the
Grobman-Hartman theorem (C’O local linearization theorem) shows that there is a
small neighborhood U of p in M and a connected component Uy of U \ W¥(p,U)
such that there is a well-defined Poincaré map P from Uy into N. This map simply

takes a point in Uy to the first point on its positive orbit which hits .

In many applications (e.g. Section 2.2 in [7], [9], and the books [6], [1]) one

encounters the following problem.

Let p € W¥(pg) \ W*%(pg) and let v be a C?2 embedded arc in U meeting



W*#(pg) transversely at p and assume that U is small enough so that for each y € ~,
d(y,p) is boundedly related to the arc length of the subarc of v joining p to y. Let
0 = 7 Up, and, for a point y € v, let yé(y) denote the unit tangent vector to

7o at y. One seeks an estimate of the derivative Pl(y) = DPy(yé(y)).

If the vector field X is C! linearizable near p(, then it is well-known and easy

to prove that one can find constants 0 < C'; < C9 such that

b
1P ()] < diy,p)lal =1 < o) P (). (1.2)

In most applications using estimates of the type (1.2), one merely assumes that
X is, in fact, at least C' 1 Jinearizable near po- In view of the Sternberg linearization
theorem, a generic C° vector field is C°° linearizable near a hyperbolic critical
point, so it does not seem to be a big assumption to assume linearity. However, it
should be noted that there are several defects to the application of the Sternberg

theorem even to get C' 1 Jinearizations. Among these defects are the following.

e The theorem requires so-called non-resonance conditions on the eigenvalues

a,b,c;

e Even in the case that X is C%°, as one gets close to a resonance, the size of the

neighborhood on which the C' 1 Yinearization exists typically gets very small;

e The amount of smoothness required on X depends on the eigenvalues a, b, c.

Our main result shows that, with the mild additional assumption that b > %,

we obtain the estimate (1.2) above for general C? vector fields in dimension three.
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Theorem 1.0.1. Let X, pg,p,q and P be as above. Also, as above, for y € vy, let

P'(y) = DPy(v)(y))

be the derivative of P on the unit tangent vector vé(y) to g at y.

Assume that the eigenvalues a,b,c of X at the critical point py satisfy

a>0>2b>c (1.3)

Then, there are constants 0 < C7 < Co such that

b
1P ()] < diy,p)lal =1 < o) P (). (1.4)

The main tools we use are modifications of techniques in so-called normal hy-
perbolicity theory to get a C? invariant surface ¥ which contains both 70 and pg
and is tangent at py to the sum of the eigenspaces of a,b. Since, by a theorem of
P. Hartman [2], two dimensional C?2 vector fields with a hyperbolic saddle point p(

are C linearizable near P(), one can get the required estimate.

Since we obtain a linearization of X restricted to an invariant two-dimensional
surface through pgy and not in a full neighborhood of p(, we will refer to our result

as a partial linearization theorem.

Remarks.

e [t should be noted that the general tools of normal hyperbolicity in the lit-

erature give some two dimensional surfaces tangent at py to the sum of the
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eigenspaces of a,b. However, these surfaces are far from unique, and are usu-
ally constructed by means of globalization techniques. Since we need such
surfaces which contain an a priori given curve 7, the globalization technique
is not applicable as far as we know. The existence of C? invariant surfaces
through p which contain an arbitrary given transverse curve ) seems to be

a new result, and our proof avoids the use of globalizations.

e For various applications, it is important to know the sizes of the constants
C1,C9 in (1.2). We take care to give explicit estimates for these in our work

below.

Using appropriate local coordinates near p and replacing p and g by points in
their orbits, it suffices to prove our results for vector fields in R3 with a hyperbolic

critical point at the origin. The precise statement needed is in Theorem 3.0.6.

We first review some of the history of linearization theorems.



Chapter 2

Linearization theorems

The first general linearization theorem was given by Poincaré in his thesis. He

obtained a theorem that can be rephrased as follows:

Theorem 2.0.2. Let
v, + f; xy,...,on), 1<i<n. (2.1)

be a system of differential equations such that \; is a complex number, and each f; is
a complex analytic function in a neighborhood of the origin which vanishes together

with its first order partial derivatives at the origin.

Suppose all the \; lie in the same open half-plane about the origin and

)‘i 75 Z mj)\j (2.2)
j=1

for any non-negative integers m; with 2 < Z§:1 ms.
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Then, there exists a complex analytic change of coordinates y; = v;(x1, 9, -+ ,Tn)

transforming (2.1) into the linear system

dyi/dt =Ny;, 1<i<n

The conditions (2.2) are called non-resonance conditions and, without them,

there are examples even of polynomials f; where the theorem fails.

Let us recall the definitions of local linearizations in both the flow and diffeo-

morphism contexts.

Let f: R™ — R"™ be a C" diffeomorphism, r > 1, from a neighborhood U of 0

in R™ into R™ such that

f(0) =0, Df(0) = L.

Then, L is, of course, a linear automorphism of R™.

A local CF linearization of f near 0 is a ck homeomorphism h from a neigh-

borhood V of 0 in U to another neighborhood V'’ of 0 such that

Li(z) = hf(x)

forz e VN f V).
Next, consider a C" local flow near 0 in R with a fixed point (or critical point)
at 0. This is a C" map ¢(¢, ) from a neighborhood (—¢,€) x U into R"™ where ¢ is

a positive real number such that



1. ¢(0,2) =z forallz € U,
2. ¢(t,0) =0 for all t € (—¢,¢), and

3. ¢(t+s,x) = o(t, ¢(s,x)) for t,s € (—e, €) such that t + s € (—¢, €).

We often use ¢ or ¢4 to denote the local flow where ¢¢(x) = ¢(t, ). Sometimes

we reverse the ¢ and x and write ¢(x, ).

A C" vector field X near 0in R™ isa C" map X : Uy — R from a neighborhood
Up of 0.
If X is a C" vector field near 0 such that X (0) = 0 (with r < 1), then, for every

T > 0 there is a neighborhood U of 0 in R™ and a local flow ¢(t,z) = ¢x (L, z)

defined on (=7, 7T) x U such that

0o(t, x)
ot

= X(o(t, z))

forallt € (=T,T) and x € U.
The local flow ¢(t, z) is called the flow of X near 0.

The local flow ¢(t, z) is called linear if, in addition to the usual flow properties,
we have x — ¢(t,x) is a linear automorphism of R' for each t.

Let ¢y and vy, |t| < € be two local flows near 0 with fixed points at 0. Let £ > 0
be a positive integer.

A local CF conjugacy near 0 between ¢4 and iy is a ck homeomorphism A from
a neighborhood V of 0 to another neighborhood V/ of 0 such that, there is a positive

real number e such that



1. ¢y is defined on V7 for all [t| < e,
2. ho ¢y is defined for all |t| < eq, and

3. poh=hodg forall |t| <e.

If 1)y is linear, then a local ck conjugacy between ¢; and 1y near 0 is called a

local linearization of ¢y near 0.

If X is a C' local vector field near 0 with associated local flow ¢+ and derivative
L = DX(0), then a local CF linearization of X near 0 is a local C¥ conjugacy
between ¢; and the linear flow given by L. In this case, we may assume that the
local flow ¢y is defined for |¢| < T where T is arbitrary. For large T', we simply have

to shrink the neighborhood on which the linearization is defined.

We are now in a position to state the well-known Grobman-Hartman Theorem

(6], [3]-

Theorem 2.0.3. (Grobman-Hartman).

1. Let f be a cl local diffeomorphism of R™ with a hyperbolic fized point at 0
(i.e., the eigenvalues of Df(0) have norm different from 1). Then, f has a

local CO linearization near 0.

2. Let X be a CL local vector field near 0 with a hyperbolic critical point at 0
(i.e. X(0) =0 and the eigenvalues of DX (0) have non-zero real parts). Let
L =DX(0) and let ¢y be the flow of L. Then, for any T > 0, there is a local

¢V congugacy h between ¢y and Py for all |t| < T.



This is a beautiful and powerful theorem. One could ask for smooth local lin-

earizations for smoother f and/or X.

In this direction there is another well-known theorem due to Sternberg. See the
appendix starting on page 256 in [3] for a proof of this theorem as well as related

results, and further references.

Theorem 2.0.4. (Sternberg)

1. Let f be a C® local diffeomorphism of R™ with a hyperbolic fized point at 0
(i.e., the eigenvalues of D f(0) have norm different from 1). Let A1, A9,..., An

be the eigenvalues of D f(0).

Suppose that, for every positive 1 < i < n,and any n-tuple of non-negative

integers (my,mo,...,mp) with 2 < ijl m;, we have

N# ] A 7 (2.3)

Then, f has a local C° linearization near 0.

2. Let X be a C°° local vector field near 0 with a hyperbolic critical point at 0
(i.e. X(0) =0 and the eigenvalues of DX (0) have non-zero real parts). Let

L = DX(0) and let ¢ be the flow of L.

Suppose that, for every positive 1 < i < n,and any n-tuple of non-negative

integers (my,mo,...,mp) with 2 < Z?:l m;, we have

j=1

10



Then, for any T > 0, there is a local C°° conjugacy h between ¢4 and 1y for

all |t < T.

Again the conditions (2.3) and (2.4) are called non-resonance conditions. With-

out them, even a real-analytic system may not be C' L Yinearizable.

Sternberg’s theorem is very important, and has many applications. However, as

we mentioned in our introduction, it does have some shortcomings.

Finally, we mention the two dimensional C' 1 Jinearization theorems of Hartman
[2] which is of major relevance to this thesis. Here, fortunately, there are no non-

resonance conditions to worry about.

Theorem 2.0.5. 1. Let f be a C2 local diffeomorphism of R? with a hyperbolic
saddle fized point at 0 (i.e., a pair of real eigenvalues A1, Ay of D f(0) satisfy

0 <|Ng| <1< |A|). Then, f has a local cl linearization near 0.

2. Let X be a C? local vector field near 0 in R2 with a hyperbolic saddle critical
point at 0 (i.e. X(0) = 0 and the eigenvalues A\, 9 of L = DX(0) satisfy
Ay <0< Ap). Let oy be the flow of L. Then, for any T > 0, there is a local

cl conjugacy h between ¢y and Yy for all |t| <T.

As previously mentioned, we will give a new proof of Theorem 2.0.5 with explicit

estimates for the C’O and C 1 sizes of the linearization.

11



Chapter 3

A quantitative partial linearization

theorem in R°

Let = (x1,29,23) € R3, and X(x) be a forward complete C? vector field which

vanishes at the origin and can be written as
X(2) = (X1 (2), Xo(x), X3()) = (az1 + X1 (2), brg + Xo(x), crg + X3(1))

where ¢ < 2b < 0 < a, and Xi,xj (0,0,0) =0 fori,j =1,2,3.

For small positive (), let
By = By = {& € R%|lag| < eq, 1| < e, 3] < e}

and let |- | = sup,cp 1 | - | denote the maximum norm of various quantities in

Bj. Then, there is a finite constant M > 0, such that |X; ()] < M for

LT,

12



1,7,k = 1,2,3, and, using the mean value theorem, we have some small constants

€1 > 0 and €9 > 0, such that ‘Xi,xj(x” < M-gp=e€9, and |X;(x)] <e9-eg =€

fore,7 =1,2,3.
Let
Bitop = {z € Bylzg = £},
Bipot = {z € Bylzg = —¢0},
Bl = {z € Bylx; = ¢},
and

Bl_ = {ZL‘ € Bl|ZE1 = —60}.

and let ¢(z,t) = ¢¢(x) be the local flow of X, so we may write

o(x,t) = (¢1,92,¢3) = (e“tﬂq + @1, ebt@ + 2, eCI%3 +$3)

where @¢; for ¢ = 1,2, 3 are the higher order terms. Set 14(x) to be the flow of the

corresponding linear vector field of X, i.e,

() = (g, Py, ePag)

13



Let us denote the origin (0, 0,0) by 0, and let W*(0) denote its stable manifold.

Let Wlsoc = Wlsoc(o) = Comp(W#(0) () By, 0) denote the connected component
of the W5(0) () By containing 0.

In the following we choose By small enough so that the indicated statements
are valid.

Let I' = WlicﬂBltop' Then T divides By into two connected open sets
each of whose closures is a topological 2-disk. By the Grobman-Hartman theorem,
if 2 € Biygp \ I, then there exists T¢(:p) > 0, such that @(x,7¢(x)) € Bf UBy;,
and for 0 < s < 7(x), ¢(x,s) is not in Bi" UBy.

Let

Bf?()p = { € Byyople(w, 7y(x)) € BT},

and

Bl_top ={z € Blt0p|g0(x,7¢(x)) € B}

Then, the map P(x) = p(z, T¢(:L‘)) is called a Poincaré map from Bi';fop U Bl_top \T

to the sides Bi" U Bl_‘

Recall that we use the maximum norm

|(v1,v9, v3)| = max([vy ], [va], [v3])

on vectors v = (v1,v9,v3) € R3 and its induced norm on various other quantities.

For instance, the arclength of curves, lengths of tangent vectors, and norms of linear

14



maps are all defined relative to this maximum norm.

Consider a C2 curve v in Bltop which is transverse to I' at the point p € T.

+

Let ”yi =N Bltop

. Assume that v is parametrized by arclength and, for y € ~,
let £y denote the arclength of the subarc of v from p to y. Assume that there are

constants A9 > A7 > 0 such that

Aty <y —pl < Agly.

Let vy be the unit tangent vector to ”yi at the point y € ’yi, and let P/(y) =

The main result needed to prove Theorem 1.0.1 is then the following

Theorem 3.0.6. There are constants Cy > C7 > 0 such that

/ |Q|—1 /
C1IP (y)| < |y —pl'a'™ " < Co| P(y)].

3.1 A sketch of the proof

The proof of Theorem 3.0.6, which we call the quantitative partial linearization

theorem, is divided into several parts, shown step by step in the subsequent sections.

First, we straighten Wlsoc(o) and Wl% C(O) and then obtain a C2 surface 3 in By
which meets Bltop in the curve v and is invariant under the flow ¢ = ¢(x,t) on orbit
pieces which stay in By. This allows us to transform the problem to an analogous

problem for a flow n = n(z,t) in R? with a hyperbolic critical point at (0,0) with a

15



transverse curve 4 through a point p in the stable manifold of . Now, a well-known
theorem of Hartman [2] gives a C D inearization of 7 in some neighborhood of (0,0).

Using this linearization, we can complete the proof of the Theorem 3.0.6.

General comment. We emphasize that, while many of the general ideas in
our construction have been available in the dynamics literature, we believe that our

results are new in at least two ways.

e the construction of the invariant C2 surface ¥ containing an arbitrary trans-

verse curve 7y.

e the detailed estimates of the C 1 sizes in our linearization.

Comment on the two dimensional local linearization. Following Stern-
berg [8] to linearize a flow, one first linearizes the time 7" map for some 7" > 0 and
uses the so-called integral technique. Thus the problem reduces to finding a local C' 1
linearization near a hyperbolic fixed point for a 2 planar diffeomorphism f. This

theorem is also proved in Hartman [3].

A new proof for the diffeomorphism case was given by Palis and Takens in [5].
Their method consists of first C'1 linearizing along the stable and unstable mani-
folds, and then contructing two transverse C' 1 foliations containing these manifolds
which are used to define the coordinates of the required ¢! linearization. Their
proof relies on a clever use of the stable manifold theorem for the derivative map
D f on the tangent bundle, and, hence involves a four dimensional local diffeomor-
phism. While their proof can be modified to work in our case, it seems somewhat

complicated to obtain estimates of the size of the domain of the linearization and

16



its C'1 size from that approach. Since these types of estimates are important for
applications, we proceed to construct our own proof of the Hartman theorem. The
only thing that we borrow from Palis and Takens is the idea of transverse foliations.

Our construction of the foliations and the ensuing estimates are new.

3.2 Linear estimates in dimension two

Here let us derive some properties of a linear flow in R2:

Yy(x) = (1, 9) = (e, Play)

where @ > 0 > b. Here in R2, we only consider By = {z = (z1,29) € R2|O <
r1 < 0,0 < w9 < gqf, with By, = {(21,60) : 0 < 21 < (0,0 < ¢ < 1},
By, = {x € Bjlz1 = ¢g}. Since other quadrants can be done similarly, we do
not show them here. Let the point p = (0,¢(), as is stated above, for any ini-
tial condition x = (z1,2() € Bitgp \ p, there is a finite time 7(x) > 0, such that
Y(x,7(1)) = (69,y2) € Byp- Let us name such map Pj(zq,¢q) = (g0,y2), where

71 # 0. We want to find the size of DF}, so we proceed as follows.

b

We have Pj(z1,¢q) = (g¢,¥2) = (eatxl,e tgo), where 21 # 0. By comparing

the first component, we have

~
—
™M
=}
~—
SI



Plugging to the second component, we have

Qo

0,

Y9 :60(3:1

So we can write

80 Q
Py(z1,e0) = (an€o(a)a)-
Since
b b — b b
£\ 0 0,21 ¢ 0,241
deg(—)a)/0x1 =€ —-(—)a =——(—)a
(0GR omy =eg- - (a1 2 = D)
we have
0 0 0 0
Dy) b £0\2+1
dx Y —azhaT o
So
1 0
Dp; - - - Q+1
0 —alz)?

3.3 Conjugacy restricted to the stable manifold

In this section, we will adapt the proof of Sternberg’s linearization theorem [1956]

into the following quantitative version, with explicit conditions on the neighborhood

and sizes of the linearization worked out.

/
Theorem 3.3.1. Let f : R — R be a C? function such that f(0)=0and f (0)=a

2
where |a| € (0,1). If in Bey(0) = {y € R : |y| < o}, we have |f | < M and

b = |a| + Men/2 < 1, then there is a unique ol map u : Beny — R, such that
0 0

18



u'(0) =0, and if h(y) = (id + u)(y) then

h(f(y)) = ah(y).

Moreover,
2C
—p

/
) and \h|§exp(1

)

C
h] < 2 exp(;—

=

where C' = Meqy/(2]al).

Proof: Using Taylor’s theorem, in a small neighborhood of the origin Bg, there

is a real number 6y € (0,y) such that

—=y. (3.1)

For k > 0, let
frly)=fofo-of(y)
k

so that

—nyz W)/ fi-1(y

and

_nyz )/(afi—1(y))-

Since



we have

7
f(9;)
fiw)/afi—1(y) = 1+ =+ fi1(9),
and, hence,
k k
1Y)
=y [ i/ H 1))
1=1 1=1
Let us define a function h(y) by
. fi(y)
h(y) = lim .
) k—oo ak
Assuming this, notice that it provides a linearization since
U)o ey (W)
h = lim +— = lim ———— = lim «a = ah(y).
V) k—oo  ak k—oo  aF k—oo okl )

Let us proceed to prove that h(y) is well defined; i.e., that the limit exists.

We have
k "
S ly) [ (6;)
h(y) = lim = lim 1+ Lf 3.2
(y) = lim =T ]Hooyil;[l[ 5 fim1(w)] (3.2)
so, it suffices to show that
1(y) |< 0. (3.3)

20



Let

|-]= sup |-]
yEBso
Now,
/) 7o)
fly) = ay + =5 =y% = (a+ =5 y)y

1
and, since |f | < M and |a| € (0,1), we have

7)1 < (al + <)l

By induction, for ¢ > 1 we then get

i) < (o + 2

1 M 1
5 e0)' ™ "yl < (Ja] + 750)2 £0-

Hence

1/
0, _
L i a )l < gl + G 20) e = 06! (3.4

egM

where the constants C = 44—
2|al

and § = |a| + 60 € (0,1) are those given in the
theorem. The above inequality implies that the infinite product in (3.2) converges

uniformly, and thus, the linearization h(y) exists. As the uniform limit of continuous

functions is continuous, we conclude that h(y) is continuous.

Using log(1 + x) < x for = > 0, we have, for any positive real numbers pp,
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[T +pn) = explog( [ (1+pn))) = exp Z log(1 + pn))
n=1

n=1 n=1

Using that
hy) = k;imoo f’jzgf)
where
k
o) _, H /afi-aio) =v [T+ L )
we get

[h(y) | = (HH

fz— (y )]) |

i C
< ¢ 69029(2 cpil) < ¢ cap(;

i=1 — B

Further, for each y € (0,¢() there is a 7; € (0,¢() such that

') =a+ f"(5)y.

Since, for each k& > 0 we have (with a possibly different 7;)
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& ( a )= a
i=1 1=1
k "
= Lo+ 2%y W
=1

and, as above,

" . :
Ly <20 5
we get h/(y) exists and
W) — lim f1.(y)
kooab

In addition, with C' as above, we get

W) 1< ernl2).

Notice that, from the last expression in (3.5), we have that

for y = 0. Thus, h(y) = y + u(u) where u is a C1 function such that u’(0) = 0.

By now we have shown the existence of a C L Jinearization h described in the
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theorem. It remains to show such h is unique. Let L(y) = ay. Suppose there is



another function g : Bgo — R of the same properties as h; i.e., g_lfg =L, g(0) =0,
and ¢/(0) = 1. Then f = ng_1 and so h_lng_lh(y) = ay. Let p = h_lg, we
have pL,o_1 = L, p(0) = 0, and p/(0) = 1. So we can write p(y) = y + v(y)
with v(y) € cl, v(0) = 0 and v/(0) = 0. Then let us show for such p, we have
ply) =y forall y € Bgy, ie., v(y) =0 forall y € Bey. By pr_l(y) = ay, we have
pL(y) = ap(y), which is

ay +v(ay) = a(y + v(y))

so v(ay) = av(y), for all y € Bg(). Taking derivatives, we get av’(y) = av' (ay), ie.,
v (y) = v/ (ay) for all y € Be(y. We claim that v/ (y) = 0 for all y € Be(). Suppose
there is z € Bg, such that v/(2) # 0, then v/(2) = v/(az) # 0. Since |a| < 1,

alz € Bgo for integer ¢ > 0. We have

But limy—y00 a’*z = 0, by the continuity of v/ we have v/(z) = v/(0) = 0 which is
a contradiction. So the claim is proved, which says v/(y) =0 for all y € Bgo, ie,
v(y) is a constant function. Since v(0) = 0, we have v(y) = 0, giving p(y) = y or

thus h = g. The uniqueness is proved, and so the proof of Theorem 3.3.1 is complete.

Now consider a local C2 flow o¢, |t| <1, on R, with a hyperbolic critical point at
the origin, i.e., if f = ¢1, then f satisfies the assumptions of Theorem 3.3.1. Thus,
f(x) = ax + f(x), where 0 < a < 1, # € R, and f(x) stands for the higher order

terms. Using the uniqueness of h, which is derived from a standard technique as in
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[ref Newhouse Notes] show that h also linearizes {gbt}m <1- That is, if ¢y (z) = ey,

then hoy(x) = Yph(zx) for x € Be.

3.4 Local C! linearization for two dimensional dif-

feomorphisms

Remark: [t is well-known that linearizations for flows follow from consideration of
associated time—1 maps. Hence we restrict here to the case of diffeomorphisms (see

p. 817 1in [8]).

In this section, we consider the 2 diffeomorphism f : R? — R? with a hyper-
bolic fixed point at (0,0). We assume the local unstable and stable manifolds of f,
denoted by W%(0), W#(0), are contained in the coordinate lines {(z1,z9) : z9 =
0}, {(z1,29) : 1 = 0}, respectively.

Let g > 0 and consider the square

Beg = {(z1,29) : 21| < €q, [z9] < £p}-

For x = (z1,29) € Be(y, we assume that

flxy,m9) = (Ayz1 + fi(z1,29), Aoxg + fo(r1,79)) = (f1. f2) (3.6)

where fi, ¢ = 1,2, are the nonlinear terms, and Ay > 1, 0 < Ay < 1.
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Let us write the Jacobian matrix of D f; as

Az By
Dfz =
Cy Dy

In addition, we assume that there are a small ¢ > 0 and a constant K > 0 such

that

£;(0,0) = 0 and the first partial derivatives fmj (0,0) =0, fori,j=1,2 (3.7)

|IB| <€, [C]<e, 0<dg—e<D<A+e<]l, 1<A—e<A<A +¢ (38)

and,

dA~ Y < K, |dB| < K, |dC| < K, |dD| < K. (3.9)

Using the previous section, suppose we have found C' Uinearizations b5 : U — R
of f |W'9(0) and hY : U/ — Rof f |W“(0) Then in this section, we will proceed to
linearize f : B2 — R? in some neighborhood By of W¥5(0)|JW¥(0) in Be(y. This
will be done via a modification of ideas in [[5]]. We will construct the neighborhood
By and c1 submersions my : By — W?%(0) and g : By — WY(0) which commute

with f, and, together with the linearizations h% and h¥ restricted to the local stable
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and unstable manifolds, will give a linearization h in By as

h(q) = (h1,ho) = (h7s(q), homulq)) = q

(@) =m0 "N ay) N L T ).

The inverse images of the submersions mg, 7y, will define two transverse folations
which are invariant by f. These foliations, after adjustments using h', h®, become
the local coordinate curves of the linearization h.

We actually only deal with the construction of my, leaving the analogous con-

struction of g to the reader.

Thus, we prove the following theorem.

Theorem 3.4.1. Let f : R? = R2 be a C2 diffeomorphism satisfying (3.6)-(3.9)

above. Define

1 A +2 M(Aog +2
o= —aog =g M- 1+§>u: (§+ ) te (3.10)
— € — € — €
1 2 a(l—%) 1

Assume that € is small enough so that

Ao + 3¢
A —€

<1landpu<l. (3.11)

Then, there is a neighborhood By of W#(0) |JWY"(0) in Bey and a cl submer-
sion my : By = W*(0) such that
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muf = fru on By () f1(By). (3.12)

Moreover, one has the estimates

(21, 29) — 29| < £0) (3.13)
and
aﬂ'u EOF
T 14—
o en - F en- F
e =1 < () exp(P)
9 I L—p
where
3
F=M-K( + A9 + 3¢)
A —€

Let us start proving the theorem. We write f(z1,29) = (f1(x1,29), fa(x1,29)).

Consider the sets B% and B% defined by
By = {(x1,79) € Beylwg = 0}, (3.14)
BS_O = {(xl,xQ) e Bgo|x2 < O} (3.15)
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_l’_
0

£0 to

We will construct my on B/, and leave the analogous construction on B

the reader.

We choose 0 <y < €(, and a small § > 0, such that

F7H0, 59 +6) € B

If we write p = (0,7(), and pE = (0,99 £ 9), then the above condition becomes

Fo™) e B,
We write 7 to be the interval between p— and p+ on the y-axis, and similarly write
I to be the interval between f(p~) and f(pT), and Iy to be the interval between
f(p™) and pT (see figure 3.1). In addition, we use /_1 to denote the set of the
second coordinates of f _1(0 x Ip) (see figure 3.1). Then we use [( to represent the
horizontal line segment that passes through p inside B;E). And we take D(y as the

+

region bounded above and below by [ and f(l)), which stays inside Bgo,

including
its boundaries (see figure 3.2).

We define B to be the connected component of U?LO:Q(JC”(DO) N B;E]) that
contains p. Now let us proceed to define a C2 horizontal foliation FU over the base

Iy, which can then be extended to the whole By by the iteration of f.

First, we may choose a smooth bump function p(x9) over I(j such that, p(z9) =1
over I1; p(xg) = 0 over I9; and over I\ (I1 Ulg), p(x9) is monotonically increasing

w.r.t. x9 with 0 < p(x9) < 1.
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Figure 3.1: Intervals

Second, we define the first horizontal foliation F 1 over the base IgUI_q (see

figure 3.3). For every given x9 € IyUI_1, define the leaf through (0,z9) as the set

Fl(ag) = {(21,29)| lo1] < £0}

which can also be rewritten as

Fl(xg) = {(x1,m (x1)] 1] < e}

where 11 (z1) = z9 for every given x9 € InUI_1, i.e., 17 is a constant function.

Next, let us define our second horizontal foliation F2 (see figure 3.4) over the
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= 0 P ::

Figure 3.2: D(. For interpretation of the references to color in this and all other
figures, the reader is referred to the electronic version of this dissertation

base 1. We write f_l(O, z9) = (0,29) € B—B And for every given z9 € I, define

the leaf through (0,z9) to be

FA(wg) = F(Fl(32)) N B,

We may also write it as

F2(x9) = {(x1, m(x1)| 1] < e}

where 179(0) = z9.
Finally, our desired horizontal foliation F% over Iy is a combination of F L and
F2 via the bump function p(z9). As for every given x9 € Iy, we define the leaf of
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Figure 3.3: F1 (y)

FU through (0,z9) to be:

Flxg) = {(x1, pleg)ny(x1) + (1= plzg))na(x)) = |21l <ep}-

Observe that, by our definition of p(z9), F%(x9) agrees with Fl (x9) for zo € I,
and agrees with F 2(x2) for z9 € I. For every given 9, the tangent vectors along
the leaf F! (z9) equals 0; and the tangent vectors along the leaf .7:2(:1:2) can be

written as

flxl fle 1 B flxl rescaled L
B f2x1
f2x1 fQ:L“Q 0 f2:L“1 flxl

where we know flxl # 0. So the tangent vectors to the leaf F%(x9) can be repre-
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£ F'(2) £
/ 9
L J; “(22)
¥ — _?_
] —17
e =
=€ 0 € 2 £ 0 € 1,
Figure 3.4: ]:2(y)
sented as
1 1 1
pag) ||+ = ptaa) | g, | - for, (3.10
0 flxl (1— P($2))f1$1

The computation above also implies that our leafs of F%(x9) for different x9’s do
not intersect, i.e, the tangent vector at every point to a given leaf is uniquely de-
fined. Moreover, in the next paragraph we show the slope of each tangent vector is

bounded by 1, which implies our foliation F%(x9) is well defined.

Let

We will need the following estimate, which says the absolute value of the slope of
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each tangent vector above is less than 1. Recall our assumption in (3.8), we know

flxl > A —e>1and \fgxl\ < ¢, so we have

| X2 f2x1
— = |(1-p(z9))—|
[ X1 2 Py
f2x
< I3 L]
lzq
< € <1
- )\1—6 '

We now extend Xy to By. For each v € By \ Byp,;, there is a least integer

n(z), such that f_n(x>(x) € Dy. Let

_ () . —n(x)

A A-lemma (inclination lemma) argument shows that the absolute value of the slope
| Xu,2(@)/ Xy 1(2)| of Xy(x) remains bounded by 1 for all z € By and converges to

0 as = approaches Byp,,. Let
Xu,Q(x)
Py =—""——
Xy, 1(2)

)

be this slope. For each x we define

1
Yu = (3.17)
Py
for x € By \ Bypyy, and
1
Yu =
0
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for x € Byp,. This Py is a continuous function from B to R, such that 1Pyl <1

for all z € By.

Our main result of this section is the following.

Theorem 3.4.2. The vector field Yy, constructed above is clin B1. Equivalently,

the function xr — ]3;5 is C1 in By.

As we indicated above the integral curves of Y, will give our desired foliation
F. The proof that Yy is C’l, or equivalently, the function z — ]3; is Cl, will
require several steps. The proof will be obtained by finding a sequence g1, g9, - - -,

of C1 functions, such that

1. gn converges to P uniformly on By,

2. Dgn converges uniformly on Bj.

Following this, it is standard that P is C1 and DP = limp—so0 Dgn.

We will use the technique of the Fiber Contraction Theorem familiar from the
Invariant Manifold Theory as in [4]. This involves definitions of certain function

spaces and associated mappings. Let us proceed to define our first function space

g.

Consider the space C’O(Bl, R) of bounded continuous functions from the box

B1 to R with supremum norm sup,.cp 1 | - | that makes it a Banach space. Let
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C’?(Bl, R) be the closed subset of CO(Bl, R) with each of its element bounded by
1. Then C’? (B1, R) is a complete metric space with the metric induced by this norm.
Let

G = {P|P € CY(By,R), P(x) = P(z) for x € Dy U Bypp}-

G is also a complete metric space equipped with the same norm sup,.- g 1 |- ].

The first step is to show that ]Sg/g is the unique fixed point of a contraction map

I' on G, which we now define. Let f = ¢y 7, by construction we have

1
Dfy- | (3.18)

where y = f_l(x) and c is a scalar. Using the notation at the beginning of this

section, we write

Ay B 1 c
R _ . (3.19)

By solving the above equations for ]3, we have

So
=
Ay + By Py
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which is equivalent to

So we have

5 —1 11 5  a-1lp 55

Given P € G, we define I'(P) as follows. For x € Dy U Byp¢, set
I(P)y = Pr.
For x € By \ (Do U Bipgt), let y = f_l(x), and
T(P)z = Ay 'Cy + Ay 1Dy Py — Ay By PPy, (3.20)

Clearly, I'(P)y is continuous in . To show that I'(P) € G, it suffices to show
that

sup |I'(P)z| < 1.
xEBl

For each x € By and y = f_l(x), we have

ID(P)]

IN

—1 —1 —1

€ +A2+e+ €
A —€ A —e¢ )\1—6'

IN
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If the size of By is properly chosen, we will have

A9 + 3¢

< 1.
A —€

So

IT(P)| <1
which means I' maps G into itself.

Moreover, the Lipschitz constant A\ of I' can be computed as follows

—1 —1 —1
PPz = T(P)xl < [Ay "Cy+ Ay~ DyPy(y) — Ay~ By Py(2) Py (y)

—Ay 1Oy = Ay Dy Pyy) + Ay By Pa(a) Py(y)

IN

A LDy [Py (y) — Po(y)]

+ Ay L By|| Py () Py (y) — Po(a) Py (y)]
where

|P1(z)P1(y) — Po(x)Pa(y)| < |P(z)P1(y) — P1(z)Po(y)

+Py(2)Pa(y) — Po(x) Py(y)]

IN

[PL(@)[|P1(y) = Pa(y)| + [Pa(w)][ P (x) = Po()].

Since |P1] <1 and |Po| <1,

|P1(2) Py (y) — Po(x) Py (y)| < 2[P) — Py
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we have

IT(Py) —T(Py)| < (JA1D| + 2|47 1B))|P, — Py

Let

)\2+€+2 € _)\2—0—36

-1 —1
A=|A""D|+2(/A7"B| < —
| |+ | |_)\1—€ )\1—6 )\1—6

If in By, we have A < 1, then I is a contraction mapping with contraction constant
A. That means, for any initial choice of P € G, I'"'(P) converges uniformly to a
unique fixed point. Since F(ﬁ) = ﬁ, we know P is the unique attracting fixed point.

So we may choose our converging sequence as follows.

To get our initial Fy, we may use a smooth bump function p : R? = R such
that p(z) = 1 on a neighborhood of Dy and p(x) = 0 on a neighborhood of By,

Then we define a C'! function g0, such that gp|p L € G:

90 = p(x)P + (1= p(z)) - 0 = p(x) P

for all points in a neighborhood Uy of By. Let Py = gO\Bl, we see that PO‘DO =P,

PO|Blb .= 0 and is C1 on B1. Now for y = f_l(x), let
0
—1 —1 —1
91(z) =T(gg) = Ay "Cy + Ay "Dygply) — Ay~ Bygp(x)go(v)
which is C1 on a neighborhood of By. Inductively, set

gn(z) =T(gp_1) = Ay_lcy + Agleygn—ﬂy) - Agleygn—l(ﬂf)gn—l(y)
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This gives us a sequence of C' ! functions gn with the following properties:
1. gp is defined and is clona neighborhood Uy, of By,

2. gn|B1 €g,

3. I'(gn) converges uniformly to P on Bj.

Let Pp = gn|B1 for n > 0, we have I'""(P) = Pp, and we can find the Y size

of ﬁ, that is
n

Pl <
\ |_1_)\

|P| — Pyl + | Pl (3.21)

Also it can be shown that
~ A
Pl < ——|P; — Pyl.
Pl < -2 1PL - Ry

We wish to show that D Py, converges uniformly on B1. For this purpose we will
use the Fiber Contraction Theorem on a suitable space G x H which we proceed to
define. First of all, let us briefly review some definitions and the Fiber Contraction

Theorem.

Definition 3.4.3. Let (G,dg) and (H,dyy) be metric spaces. The map A : GXH —
G X H of the form A(P,Q) = (I'(P),V(P,Q)) is called a bundle map on G x H over

the base I' : G — G with principle part ¥ : G x H — H.

Definition 3.4.4. The bundle map is called a fiber contraction on G X H if there
is a k €10,1), such that, for every P € G, the map Q — V(P,Q) is a contraction

mapping with contraction constant k.
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Theorem 3.4.5. [Fiber contraction theorem | Let (G, dg) and (H,dqy) be met-
ric spaces and N a continuous fiber contraction on G x H over the base I' : G — G
with principle part V : G x H — H. If P and Cj are unique attracting fized points
of ' and Q — \Il(ﬁ, Q) respectively, then (ﬁ, @) is a unique attracting fized point of

A.

Now let us define the set of candidates of DP where P is C 1, and then con-
struct an operator which has a unique fixed point as DP in this set. Let H =
C’O(Bl, L(RQ, R)) be the space of bounded continuous functions from By to the lin-
ear maps from R2 to R. Let @ be any element in H, H is a Banach space equipped

with the norm

Q= sup |Qz - vl.
xEBl,vER2,|v|:1

We now define an operator Q@ — ¥(P,Q) for Q € H, P € G. For a c! function P,

we have

dr(P)y = dA-l, «© y+d(A7L D

f (@) ) ()

~1
~UA 2 Bt PP 1)

@1

Let y = f_l(x) as before,

dU(P)y = {dA;ldr~ )0y + Ay tdcydr— (@) + d(A; 1 Dy)dr L (@) Py
+ A, L DydPydf @) — d(Ay 1 By)df @) (Pe Py)}
—(Ay 1 By)(dPy Py + PrdPydf 1 (x)).
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In this form, we define

V(P,Q)x) = {dAytaf @)y + A tdcydi T (@) (3.22)
+d(Ay tDy)df @) Py + Ay DyQydr 1 (x)
—d(Ay ' By)df  (2)(PrPy)}

—(Ay_lBy)(QxPy + Pnydf_l(x)).

Consider the bundle map A(P,Q) : G x H — G x H defined by A(P,Q) =

(D(P),¥(P,Q)). Observe that, since I'"'(F) = Py, we have

A(Fy, dFy) = (D(Fy), Y(Py, dFy)) = (T(Pp), dT'(Fy)) = (P, dPy).

Suppose
An_l(P()adPO) = (Pp—1.dPp—1)

Inductively,

A (Py,dPy) = (T(Py_1),¥(P,_1,dPy_1)) = (T(Py_1),dl(P,_1))

= (Py,dPy).

which converges uniformly if A is a fiber contraction, by the Fiber Contraction

Theorem. And thus dPp converges uniformly. Now let us show that A is a fiber

contraction.
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First, we prove that for any given P € G, the map Q — V(P, ) maps H to
itself. It is easy to see that W(P,Q), for a given P, is continuous with respect to
x € By, since f is C2. We will need to show U (P, Q) is bounded. We proceed as

follows

w(P,Q) < {ldA~Y|C|+ A7 dC| + [d(ATID)||P| - |d(A=1B)|P|?}|df |
HAT D Qlar Y +1A7BIQ- P+ P-Q-df 7Y

{ldA= o) + 1A~ Yjde| + |d(A D) | + |d(A~ I B)|}dr |

IN

AL D)Qllar 7Y + a7 BI(QI + QI L)

{laa ol + 1A jac| + |[aA™iD)| + |aAiB) Y df Y (3.23)

IN

A7) a7t Bl + [ Y

where we have used |P| < 1. Now, we need to compute |df_1| to proceed. For

A
df =
C D
we know
D —-B
gl
AD — BC

-C A

Recall the definitions of a and M from (3.10), we have

a0z 9 520

and
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A +2 A
M= 1+§ z)\i :Ai, (3.25)
a(l—%) 112 2

We claim that

a1 < (3.26)

2
Indeed, since |AD| > « and |%| < &, we have

1 D —-B

< ap—sc! |
-C A

jdf 1|

1
< |
< lgqp—gallal+1c)

1
AD|1 - 8BS

(4l +1¢1)

IN

(M +e+e)
AD|1 - G

< — (M +2¢) =M.

a(l - F)

In addition, from (3.9) we have

{ldA= o) + 1A~ jde| + |d(A D) | + |d(A~ I B)|}|dr |

K
/\1—€+ €+)\1—e

< M(eK + + K\ +e)+ )

A —€

= M~K()\3

1_6—0—)\2—0—36).
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To simplify the expression, let us write

3
F=M-K(——+ g+ 30). (3.27)

1 — €

Now, going back to (3.23), we have

Ao +€ €
1+ M )
2 S n

V(P,Q) < F+ (M

Since @ € H is also bounded, we have V(P, Q) is bounded. So we have proved

the map @ — ¥ (P, Q) maps H to itself.

Next, we will show that the map @ — V(P, Q) is a contraction mapping. For

any given P € G and any @), @ € H, we know

_(Agley) (Qz - Py+ Py -Qy- df_l(:p))
+(Ay_13y) : (é:c Py + Py - éy : df_l(:p))
= Ay_lDy(Qy - éy)df_l(x) - Ay_lBy(Qx — Qy)Py

~Ay 1By Pr(Qy — Qy)df~(w).
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Since |P| < 1, we have

~ )\ + €
W(P.Q) - VPQ| < MPF—IQ-Ql+—IQ Q|
+M7_|Q—Q|
M(A +26 +€
gt 20 00l
1=
1
Plugging in M = )\—12 from (3.25), we have
1
O<pr—<1. (3.28)

M
Assuming the contraction u, we have proved that, for any given P € G, the map
Q — Y(P,Q) is a contraction mapping. This implies that, for P € G, the map Q —
¥(P,Q) has a unique fixed point Q € H. If we choose A(P,Q) = (D(P), ¥(P,Q))
as the bundle map on G x H. Then, by definition, A(P, Q) is a fiber contraction
on G x H. Since it has been proved that P is the unique attracting fixed point of
I, then by the Fiber Contraction Theorem, (ﬁ , é) is the unique globally attracting

fixed point of A. It remains to show that @ = dlg, so that P € C1L.

We may start with (P, dF), where P € cl. Let I'"'(Py) = Pn, we have
A(Py, dFy) = (T(Fy), Y(Fy, dFp)) = (T(Fp), dU'(Fy)) = (Pp,dPy).

Suppose

N'H(Py, dPy) = (Py_y.dPy_1).
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Then

AU Py,dPy) = (T(Py_1),%(P,_1,dPy_1)) = (T(Py_1),dl(P,_1))

= (Pp,dPp).

We know P, converges to P uniformly, and dPp converges to Cj uniformly. It is
standard that é = d]g, and thus, Pis Cl. Now we proceed to find the size of dp.

Since

dU(P)y = {dA;ldr~H )0y + Ay tdcydr— (@) + d(Ay 1 Dy)dr L (@) Py
—d(Ay ' By)df L (@) Py Py} + Ay Dyarydr L (x)

—(AytBy) - APy - Py+ Py - dPy - df ().
In addition, we have |P| <1 and \df_l\ < M, so we can write the form of the size

of |[dI'(P)| for any P € G as follows

F

A\

Ve

dr(P)| < {|dA=1|C|+ A7 ||do| + |d(AT I D)||P| + |d(A~ 1 B)|| P|?} M
+M|A™ID|aP| + |A71B|(|dP| + M|aP))

F+ (MA™ DI+ (1+ M)A~ 1B))ap]

IN

IN

F+ (TlTQM + (1 + M)Tl€0)|dp|

= F+ pldP]|
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where

3
F:M'K()\ + Ay +3€) < M - K(4+ 3e). (3.29)
1—€
For m > n we have
[dPm| = |dT(Pp—1)] (3.30)
< FopldPp, |
< F o p(F + pldPpy, o)
= FH4plf+ u2|de_2\
m—n—1
< F Y d ™ MdPy).
1=0
So
|dP| = lim |dPp| < £ + i Mm=n\dpy| = B (3.31)
~ misoo =gy moo ! (N '

Therefore, not only have we proved that PecC 1, but also found the explicit

formula for the C¥ and O sizes of P which can be implemented in a computer.

Our next task is to find the OV and O sizes of 7w, which projects By to the
r9-axis along the horizontal foliation FY“. Recall that F% consists of the integral

curves of the vector field defined in (3.17), i.e.,

1 Y1
Yy = ="
P{L‘ YU,Q

48



Let z = (21,29), and ¢(x,t) be the solution of the vector field Yz, with initial
value x € By, and let 7(z) be the real number such that the first coordinate of
¢(x, 7(x)) is zero. Of course, if 1 > 0, then 7(z) < 0 and if 21 < 0, then 7(z) > 0.
For simplicity, let us assume that x1 < 0. Since the first coordinate of Yy, is 1 by

definition, the maximum time 7(x) for any « € By is €.

So we can write my as

(0, mu(2)) = ¢(x, 7(x)) = (61(2), P2(x))

with
t
21+ J§ Vo 1(65(2))ds o+t b1z,
¢(z,t) = ! fot o = ! R ! (3.32)
v + Jo Yu,2(¢s(x))ds v+ Jo Prds $o(x,1)
giving
0 x] + 7() 0
() 9 + fg(x) PNg;dt 9 + fo_xl /ﬁ;/pdt.
We have

—l']_ _— ~
() — 29| = | /0 Prdt| < |21] - 1P| < 2.
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aﬁblz(],%: ’%:aﬂforj:1727
Ox9 dg axj axj

’

7(2) = —xq, 07(x)/0r) = ~1, and, O7(x)/dxg = 0.

Hence, by (3.31) and the Gronwall inequality, we have

Skl = | [ PPl o) - (G G2
or ~
() Pl (o, (o)
= [N EE POy B @) (3.33)

0 89@1 81’2 c%l

S lz1l PN 0
< |P|+-2 +/ (—)|ﬂ|ds
L—p Jo l—p) 0r
< eo(1+ eap(20E )

when |P| < g in small B, which is possible due to the Inclination Lemma, as we

have | P| = 0 along our initial Bitop- And we have
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Ox9
@) .
= [ PPl @) - (GEb S+ ) Plota ()|
) oP O (x) opP

- 1 e [ e .

EOF |33'1| aﬂ'u
< 2 /O <m>a—x2<x>—”d5 (3.35)
< fcliexp(f(ii). (3.36)

This completes the proof of Theorem 3.4.1.
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3.5 Three dimensional vector fields

Let us recall our assumptions on the vector field introduced at the beginning. We

write = (r1,29,23) € R3, and X(x) is a forward complete C2 vector field :

X(z) = (X7 (2), Xo(z), X3(2)) = (ax] + X1 (2), brg + Xo(z), cxg + X3(z))

where
c<2b<0<a, (3.37)
and
X,i,xj (0,0,0) =0 for i,j = 1,2, 3. (3.38)
Let
By ={z¢€ R3|O < w9 < eq, x| <egslrgl < e}
and let |- | = SUPye By | -|. Then we have a finite constant M > 0 such that

|Xi,xj,xk (x)] < M for i,j,k = 1,2,3. By the mean value theorem, we have some
small constants e > 0 and e9 > 0, such that, |Xi,xj ()] < M -¢eg = €9, and
1 X; ()| <eg-eg=¢€q fori,j=1,23.
Let
Bitop = {z € Bilzg = £¢},
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Bf" = {x € By|z| = £},
Bl_ = {:E S Bl|x1 = —60}.

Letting ¢¢(x) be the local flow of X, so we may write

bt

oz, 1) = (91,99, 93) = (€21 + @1, %29 + @9, eLag + 33)

where @; for ¢ = 1,2, 3 are the higher order terms. Set 1;(x) to be the flow of the

corresponding linear vector field of X, i.e,

() = (¥ay, Py, ePag)

Let f be the time-T map ¢, for some 0 <7 < 1. So f : R3 = R3is C?
with a hyperbolic fixed point at 0. Let L = Df(0), and R3 = B g ES @ ES5S
be the splitting given by the eigenspaces of L. For convenience, we also write
L= (LY L% L%) = (L€, L%%) with respect to the splitting E€ @& E%5, where E€¢ =
E"% & E% and EY, E® and E®® correspond to the 21, 29 and 3 axes respectively.
In addition, we assume that the local unstable and stable manifolds of f have been
straightened, i.e., WZ%C(O) is in the x1-axis and Wlsoc(o) is in the x9x3-plane inside
By.

Let

Blgoz{xEBl:x?):O}

3250 :{ZEE Bl 1T 20,1’2 :O}.
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For the most part of this section, unless we specify the index ¢ = 1,2, 3, we will

always use this representation z = (x1,29) € BlEO’ and y = z3 € BQ“’:O’ so that,

fla.y) = (L + fi(z,y), L%y + fo(w,y) = (f1(2,9), fo(e,y)) (3.39)

where f1(x,y) and fo(z,y) are the nonlinear terms. In By, we assume f = (f1, fo)

satisfies these conditions for A > 1 and 0 < A9, A3 < 1:

o A0
Mgy = | (3.40)
Ox
0 A
0
0<P200) = <2<t
dy
fori=1,2
fZ(O) = 0 and the first partial derivatives f,m(O) = fz’y(o) =0, (3.41)
and
fiz] < €1 figl < €| figal < My, Figyl < My, | fiyyl < My, (3.42)

In this section, we consider a short initial line segment in the cone of angle less

than % about the xq-axis on the plane r9 = &.
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Choose small positive numbers w, ¢ satisfying

0<w<g‘<%0, (3.43)

and, consider the line segment

0:1(s) = (lq,1l9,13) =1(0) + sv C By

where [(0) = (0, (g, w),

—( <5<, (3.44)
1

v=10]1. (3.45)
0

and |0 < 1.

Let Dy = Up<i<p ¢t(l) C int(By) which is possible when £ is short (i.c., ¢
is small). And let Dy be the connected component of f(Dgy) N By. Inductively,
let Dy, be the connected component of f(D,,_1) N Bj. Define ¥ = U;)O:() D;, and
let II(z1,29,23) = (x1,29) be the projection onto the xjz9—plane. Notice that X
invariant almost by definition: f(X)N By C 3. The next result shows that ¥ is the

graph of a C? function g* from II(X) to 3250.

Theorem 3.5.1. Suppose that f, ¢, and ¥ satisfy the conditions (3.39)-(3.45) and
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that the following inequalities hold,

A—€e>0, A3+e)hg—e) L <1 (3.46)
€
A 1 1 4
(A3 +)( +A2_€)< (3.47)
Ag + 2 A A3 + 2
3hsC oy A3Fe AT (3.48)
Ao — 2¢ Ao — 2e ()\2—26)2

/\3 +e€ 6(/\3 + 26)
<1
(Mg =22 (Mg —2¢)3

= (3.49)

Then, there is a C2 function g* : Ix) — 3250, such that g*(0,0) = 0 and
£ = {(@.g* @)l € (S € By}

Moreover, we have

g% < eq (3.50)
Do*|l< — ¢ 3.51
| g\_AQ_Ag_Be (3.51)

AM; (Mo + A

(\y - 203(1 - )’

Once we have obtained ¢* as in the above theorem, we consider the graph map:
h(xq,x9) = (v1,79,9*(x1,29)). Thisis a C2 diffeomorphism, and we can conjugate
fto f: R? — R? defined by
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h_lfh(xlﬂxQ) = f(xLxQ)'

This means, of course, that we can replace f by the two dimensional diffeomor-
phism f
We can also replace the flow ¢y restricted to X to a two-dimensional flow <;~st =

h~Lesh.

The first step in the proof of Theorem 3.5.1 is to show that the upper part Dy

of ¥ is a C2 graph. That is,

Lemma 3.5.2. The set D is the graph

{(z1,29,23) : 23 = gp(71,79))}

of a c? function go defined on II(Dy).

As we will show, this holds because X is C' L Close to its linear part, and the
analogous statement is true for the linear part.

Indeed, let us consider the linear vector field L(x1,z9,x3) = (ax1,bxy,cx3).

Let ¥(t, ) = (Y1 (t,x),¢9(t, x),v3(t, x)) denote the flow of L, and let T' > 0 be

such that if xg € ¢ and |t| < T, then

|11 (8, z0)| < (3.53)

c—a
Let
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Dy = {¥(t,) : [t < T,z € ¢},

Proposition 3.5.3. Under the conditions above, the set B{) 1s the graph of the
(real-analytic) function
z £

r3 = 9331(%) b

whose first order partial derivatives are bounded by 1.

Proof: First, let us write down the solution of the linear ODE with initial

condition (z1(, z9(), x30) € By as follows:

r] = eatxlo (3.54)
r9 = ebtl'QO (3.55)
Ty = eCtxgo. (3.56)

We want to represent xg in terms of x1 and z9, i.e., x5 = gg(x1,29), the graph

of which passes through the initial line segment {. By (3.55), we have

~
8
[N}
SN—
S

(3.57)



Plugging it into (3.54), we have

€T —a

$10=$1(£) b

Since w5y = 6Ox7(), together with the above equation and (3.57), solution (3.56)

becomes

Let g = %, which satisfies 8 > 2, because of (3.37).

It is straightforward to compute that

Ox x
f —9(12)yf
1 €0

and

Org _ 00wy Tg\p-1
axQ 80 80 ’

Now, we have 0 < 9 < ¢(), and [0| < 1. Further, (3.53) gives |z1| < %], SO we

get that |gi?| and |g§g| are bounded by 1, and the proposition is proved.
Using Lemma 3.5.5, let us prove the following lemma.

Lemma 3.5.4. Given such Dy that contains [ in By, D can be represented as the

graph of a 2 function go(x1,x9) for (x1,x9) € II(Dy), where 11 is the projection

into the x1x9-plane. Moreover, we have

Lip(gg) = sup [Dgp| <1
.TEH(D(])
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and DQgO(x) is uniformly bounded in I1(Dy)).

Proof:

Let the solution of the associated linear vector field of X be:

1 (5100) +sv) = M
Yo (t,1(0) +sv) = e’gg

P3(t,1(0) + sv) = eCt(w + 0s).

We have the solution of the vector field X:

z1(t,s) = 1(,10) +sv) =v1 +§
z9(t,s) = po(t,1(0)+ sv) =19 + &9

r3(t,s) = ¢3(t,1(0) + sv) =93+ &3

where 1;’s and §;’s are evaluated at (¢,1(0) + sv). In order to find gg(zq,29), we

express (¢, s) as functions of (1, z9), so that we can write

90(z1,29) = @3(t(z1,29),1(0) + s(z1, 29)v).
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This requires that the determinant of the Jacobian does not equal to zero:

(a1, r14 T
DET = det| 28122 gq [ P18
a(t, s)
L2t 228
Vit Y1st&s
= det
wQ,t+€2,t w2,3+§2,s
aels + ¢ at
1t ¢ &g
= det ’ ’
= (a5 +€1 )6 s — (" +61 ) beeg + € 1)
We have

DET = begel @0 £ (3.58)

when §;’s are small enough.

ox; ox;
i L, = 21 .= 2  —
Here we use the notation Tit = o7 and Tis = Bg fori=1,2.

In addition, since

ot,s) try Ttz 1 2,8 ~Tl.s
ozy,x9) ~ DET
(z1,29) P —way w1y
we have
tzy tzg | 1 €25 —ett — ¢
~ DET
Sx1 Sx9 —bebtgo—fzt aeats—l—th
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So we may compute the first derivatives of gg:

|ago(x1,$2)

Oy

|3903 _

o gy 0
+ 28 2

ot Oxq 0s

(V34 +€3.4) 62,5

Oy
(3,5 + 53,3)(—1?6“80 —&9¢)

| DET
(ce(w +0s) + &3 4) - o N (e + 53,3)(—b€bt60 —&9¢)

- DET |

—blsge

DET
(b+c)t

bgoe(a+b)t x
|06(C_a)t| <1

DET

by (3.58)

where gij for i = 2,3, j =t,s are small enough.

Similarly, we have

09

dgp(r1,79)

~
~

~
~

ot | dpg 0s

|3903 _
ot

09 ds  Ox9

(g4 +E€34) - (—e® =& o) N

(3.5 + €3 5)(aes + &1 )

DET DET

(cet(w + Bs) + 3.¢) - (—e — €1.5)

DET

. (€0 + &3 5)(aes + &1 4) |
DET

—ce<a+c)t(w +0s)+a- spelatot

b€0€

O(a—c)s- elato)t

o |, by (3.58)

o)1

bege

(a+b)t

580

| , where w is close to 0

=98 (=)t
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(a—c)s|

b < 1.

where fz’,j fori=1,3, j =t, s are small and |

Since g is 02, all its second derivatives are uniformly bounded over II(Dg) C

Blgo, the lemma is proved.

Lemma 3.5.5. Let ¢4(x) be the solution of the vector field

X(2) = (azy + Xq(2), by + Xo(a), crg + X3(2)) = (L + X)(2),
where a > 0> b > ¢ and —c > a, with
1X;] < eq, |Xz-’xj| < ey, |D2X| < My, forij=123.

Let 1p4(z) be the solution of the corresponding linear vector field, then in By, there

exists small constants d(, 6 and a constant Mo, such that,

|0¢(x) — ()] < dp,

| D¢y(x) — Dipy ()] <6,

and

|D2¢y(x) — D*yy ()| = | D%y ()] < Mo
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Proof: By definition, we have

t t
bp(z) — ty(e) = z+ /O<L+X><¢s<x>>ds—x— /O Libs(z)ds

= tX d tL d
- /O (6s(a))ds + /O (65 — s)(x)ds.

So by the Gronwall’s inequality, we have

t t
164(2) — ()| < /O|X<¢s<x>>\ds+ /O ILl[¢s(x) — ¥s(x)|ds

< €1t€|c|t < €1T€|C|T = 50

Next, let us compare D¢y (z) with Dy (z), which come from the first variational

equations of ¢¢(z) and ¢ (x). We have

Dy(x) = DXy () Dot(z) = (DL+ DXy (1)) Déy(x).

SO

. t _
Di@)| < |1d+ | DL+ DX, ()| Dos(a)lds

By our assumption in this lemma, we have each entry Xi,xj (ps(x)), 1,7 =1,2,3,
of the 3 x 3 matrix DX¢3 (z) 18 bounded by €9, thus

|DX¢S(1')| = Z.:niaéigﬂXi,xﬂ + |X’i,l‘2| + |XZ,$3|} < 3€9.
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Then by the Gronwall’s inequality we have
|Doy()] < exp(|DL + DXt) < expl((|e] + 3eg)t). (3.59)
Now

Doy(z) — Dipy(x)

t . t
= Id+ /o (DL + DX,y (1)) Dos()ds — Id - /0 DL - Diys(z)ds

t t
- /O DX(bs(x)ngs(x)ds—l—/O DL(D¢g(x) — Dis(z))ds.
By the Gronwall’s inequality again and the inequality (3.59), we have

|Dgy(z) — Dby (x)] < 3egtexp(|DL + DX|t) exp(|DLI|t)
< 3egtexp((2|DL] + |DX|)T)
< 3e9T exp((2|c| + 3€9)T)

= 0.

Finally, let us find the size of |D2<;5t(3:) - Dth(x)\ = |D2¢t(x) — 0|. We have

02 0 t Ao (s,
¢ (tx) = —(e;+ DXd)S(x)%(%ﬁds)

t d¢ 02 ¢(s, z)
R 2 b
_ /O D X(bs(x).(%NEHDX%@T%% ds.

By using (3.59) and the Gronwall’s inequality again, and since D2X¢S (x) = D2X¢S ()
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we have

926

0?(s, )

(¢, 2)]

IN

t t
/O M7 exp(2s(|c| + 3e9))ds —I—/O (|| + 3e9) - | |ds

My
M[GXP(QTHd +3¢e9)) — 1] - exp(T(|e| + 3e9))
= MQ.

Thus the lemma is proved.

Let us be briefly reminded of the definition of our surface Y. We have Dy =
Uo<t<T 9t(1) C int(By) for our initial line segment {. By now we have shown that
D can be represented as a graph of a C? function go- Now let D1 be the connected
component of f(Dg) N By. And inductively, let Dy, be the connected component of

f(D,,_1) N By which is connected to Dy. We define ¥ = U;)O:() Dj.

Theorem 3.5.6. X can be represented as the graph of a 2 function g*.

We will use the same Fiber Contraction method as in the previous section. The
proof will require several steps. It involves obtaining a sequence g1, g9, - - -, of 2

functions, such that

gn converges to g* uniformly on By, (3.60)

Dgp, converges uniformly on B1, (3.61)
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D2 gn converges uniformly on Bj. (3.62)

The proof involves definitions of certain function spaces and associated map-
pings. Let us proceed to define our first function space G. Here we recall that By £0

is B1 N xqx9-plane, and 3250 is B Nwg-axis. Let

B) — {glg € COIL(S), By ), Liplg) = sup LEL 9]

<1}.
G448 8- &l =1

B(lj is a complete metric space with respect to the supremum norm (defined

above). The subspace

is also a complete metric space equipped with the metric

d(g1,92) = sup |g1(x) — go()].
:EEBlgo

For z € II(X) NII(f (X)), we have the following graph transform formula

I plg) = fao(Lg)olfo(lg) .

We need to show that I’ IE G — G is a well defined contraction map. This will give

us a continuous function g as the unique attractive fixed point of I'.

Lemma 3.5.7. Given f satisfying the conditions at the beginning of this section, if
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Ay —e>0 and (A3 +¢€)( Ay — e)_l <1 in By, then Ff(g) is well-defined and maps

G to atself. If, in addition,

n=0g+e(1+——) <1

2—6

then Ff(g) 1s a contraction mapping with contraction p. The unique fized point of

Ff(g) is a CV function g* with

n
"] < m|91 —qol-

Proof: To show that I £ well-defined, it is sufficient to show that fq o (1,¢)
is invertible. Let E denote the zjz9—plane. For u = (uy,u9) € E, (L | E)(u) =
(Aqug, Agu).

Let
min(L | E) = inf [(L | E)u| > Ay > 0.
|ul=1
For two points u # v € Blgo, we have
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1f1o(Lg)(w) = fro(l,g)(w) = |(L]E)(u—v)+ fi(u,gu) — f1(v, gv)|
> min(L | E)lu—v| —|f](u, gu) — f1 (v, gv)|

> Aolu—wv| = Lip(f1)Lip(1, g)u —v|.
Since Lip(f) < e and Lip(1,g) < 1, we have
[f10(1,9)(uw) = f1o(L9)(v)] = (Ag — €)|lu—v[ > 0. (3.63)
Hence, on Blgo, f10(1,g) is injective, and thus, invertible. That also implies
: —1 -1
Lip([fieo(Lg] ") <(Ag—¢) .

In order to have T’ f(g) map G to itself, we first prove that for z1 € [0,¢(] we

have

T p(9)(x1,0) = 0.

Let us be reminded that, as a part of our assumptions on f, we have Wl% C(O) of fis
in the x1-axis inside By. In addition, we have had Ff(g) = foo(1,g)o[fyo(1, g)]_1
being well defined, i.e., f1 o (1, g) is a one-to-one invertible map. So we know there

is a unique (z1,0) € 3150 with |Z1| < |z such that

f10(1,9)(Z1,0) = (21,0)
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where |Z1| = |z1| is achieved when 21 = 0. So

[ ¢(9)(x1,0) = fa 0 (1,9)(1,0) = f2(71,0,9(21,0)).

For g € G, we have g(z1,0) =0, so

Ff(g)(xbo) = fQ(ELO’O) = 0.

Next, let us prove Lz’p(Ff(g)) < 1 as follows.

Again, for v = (uy,u9),v = (v1,v9) € Blgo, we have

[f20(1,9)(u) = fa o (1,9)(v)] = [A39(u) = A39(v) + fa(u, gu) — fa(u, gv)|. (3.64)

Since Lz’p(fg) <€, Lip(1,g) <1, we have

[f20(1,9)(w) = f20(1,9)(0)] < (A3 + €)[u —v]. (3.65)

As we know the Lipschitz constant of the composite function of any f and g

over domain U can be computed as

|f(g(x)) — f(g())]

Li o =
w(f og(w)) s iz —y]
< sw L@p(f)lg(_x)—g(y)l — Lip(f)Lip(g)
x,yel | =yl
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we have

Lip(T £(9)) < (Mg + )(Ag — ) L.

Under the condition that (A3 4 €)(Ag — e)_l < 1, we have Lip(Ff(g)) < 1, and

thus, Ff(g) maps G to itself.

Now let us show I' is a contraction mapping in G. Let {1 = [f] o (1,g1)]_1,

€9 =[f1 0 (1, 99)] 1, we have

T #(91) = T #(92)] (3.66)
= |fao(Lgp)olfro(la)] ™t = fao(l,ga)olfro(lg9)] !

= [foo(1,91)&1 — fao(1,99)&9)]

< [foo(1,91)&1 — foo (1, 92)61] + [fa 0 (1,99)61 — f2 0 (1,99)89)]
< Lip(f2)I(€1,9161) — (61, 9281)| + Lip(fo) Lip((1, 92))|€1 — &2
< Lip(f2)lg161 — 92611 + Lip(f2)I§1 — &2

= Lip(fo)lg1 — g2l + Lip(f2)|€1 — &al-

So we need to find £ — &9]. Claim:

€

1£1 — &o] < ~ l91 — 99| (3.67)

— €

Let us prove this claim. In our notations, £ = [f] o (1, gl)]_l, &9 = [f1o(1, 92)]_1,

let 71 = §1x and 79 = &9z, then we have z = §1_171 =flro(l,g1)m, z = §2_17'2 =
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f10(1,99)m9. So

fro(l,91)m1 = f1o(1,99)70.

As before, we write

f1(r1,91m) = LEm + f1(m, 917m1),

and

f1(19,9979) = L9 + f1(19, g979).

So we have

L) + fi(r1.9171) = Lmo+ f1(m2.9970)

Li(rg —71) = [f1(r1,9171) — f1(72,9272)

then,

Lo —71) = fi(r1, 9171) — F1(72, 9172) + f1(72, 9172) — f1(72, 9272)

which implies

L(my — 1) — fi(r1,9111) + fi(2,9170) = fi1(12,9172) — f1(72.997)

fre(lgy)mo — fro(Lig)mt = fi(r,017m2) — f1(12,9972)-
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By (3.63), i.c.,

|f1o(Lg1)m — f1o(Lg1)m = (Mo —€)|ry — 7ol

we have

(A =@l —ml < |f1(72,9172) — f1(79, 9979

IN

Lip(f)I(L,g1)m2 — (1, g2)7o]

IN

elgrm — 9979l

IN

elg1 — 9ol-

By our notations 71 = {12 and 19 = {9, so

€

1§ — &9l < 3 191 — 92
2

—€
and the claim (3.67) is proved. Plugging (3.67) to (3.66), we have

Tylo0) =T ploa)| < Lip(fa)lar = ool + Lin(fa) 3" lon = 52l

As we write fo(x1,29) = L5519 + fo(x1,29) with Lip(fo) < €, we have

Lip(fy) < A3+ e

Hence,

€

Tpl91) = Tplg2)l = (A3 + €)1+ -——)lg1 — g2l.

2—6
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We may observe that (A3 + €)(1 + )\26_6) is approximately equal to A3, which

is much less than 1. If the neighborhood is properly chosen, we will have

n=0g+e(l+1—

2_6)<1.

So the Lemma is proved.
Thus, there is a unique globally attracting fixed point g* € G for the operator

To show that ¢* is, in fact, 02, and to estimate its C2 size, we modify the fiber
contraction procedure of Hirsch and Pugh familiar from invariant manifold theory
[4].

We construct two product bundles G x H and G x H x K and maps

O:GxH—->GxH,

UV:GXHXK—=GxHXK

satisfying the following properties:

1. ® is a fiber contraction over I,
2. W is a fiber contraction over &,

3. if g is any map in G which happens to be C?2 and (g9, Dy, D2g) isin GxH X,
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then

(a) ®(g,Dg) = (I'(9), DI'(g)), and

(b) W(g, Dg, D?g) = (I(g), DI(g), D’I'(g)).

It will follow that, if g € G is 02, and we set gn, = I'"'(g) for each n > 0, then
the convergence conditions (3.60), (3.61), and (3.62) will hold, and the proof that

g* is C? will be complete.

In the process, we will also obtain bounds for the first and second derivatives of

We have several tasks ahead.
First, we find a C?2 initial function gin G.
Recall that our original function g on II(Dg) was c2,

Now, choose a smooth bump function p : R? = R such that p(xr) =1ona
neighborhood of II(Dg)) and p(x) = 0 on a neighborhood of Byp,; = {(21,0,0)|0 <

r1 < ep}. Then, letting v(z) be the identically 0 function on RQ, and define g by

g = pr(x)go + (1 = p(z))v(z).

The function g is clearly C? and is evidently in G.
Next, we proceed to define the function space H and the map &.

Let H = C’?(H(E), L(R2, R)) be the set of continuous functions H from II(¥)

to the linear maps from R2 to R, and |H| < 1. H becomes a complete metric space
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equipped with the metric d(Hq, Hy) = |H{ — Ho| induced by the norm

|H| = sup | Ha(y)]-
xEBlgo,y6R2,|y|:1

We can see that H is the set of candidates of Dg. To get the fiber contraction
operator over the functional space G x H, we proceed as follows. Let u(z) = [fq o
(1, g)]_l(x). By the chain rule, we take the derivative of Ff(g) =foo(l,g)o][f1o

(1, g)]_l with respect to x, we have

Dal' §(9) = (Faz + f2yDuy(1)9) (F1e + 1y Dy()9) !

where the partial derivatives of f are evaluated at the point (u(x), g(u(z))). In this

form, we define

R(g. H) = (fop + foyH () iz + F1yHy ()~

where the partial derivatives of f are evaluated at the point (u(x),g(u(z))). And

let ®:GxH—GxH be

®(g, H) = (Tf(9), R(g, H)).

By construction, if g is C 1, then

®(g, Dg) = (L' (9), D(T £(9)))-
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We shall show that ®(g, H) = (Ff(g), R(g,H)) is a fiber contraction on G x H

with the maximum metric in this product space.

Lemma 3.5.8. Given f satisfying the conditions at the beginning of this section, if

the following conditions are satisfied in By

A3 + 2 A A3 + 2
32y gnd 2BFEC L MBFX (3.68)
Ao — 2¢ A9 — 2¢ ()\2 — 26)2
then the function ¢* in Lemma 3.5.7 is cl with
Dg¥| < —— (3.69)
g1= A9 — A3 — 3e .

Proof: Let us prove this lemma by first showing that ®(g, H) maps G x H to
itself. Since Ff(g) : G — G, we only need to show R(g,H) : G x H — H. As we can
write

—1
flx + flyHu(l») = flx([ + fL’L' flyHu(:[;))’

7



for |[H| < 1, we have

1o+ FiyHy @)™ = el + 75 iyt )}
= I(I+f1_xlf1yHu(x))_1f1_xl|

< 0+ f iy Hy) IS
1 —1
- man (I + fl_xlflyHu(x))Hlx |
1 —1
L= FryHoy ()] iz
o
1= 17y
1

—1,_ :
i 17 =11yl

IN

IN

Since |f1y| < e and |f1_x1|_1 = min(f1,) > Ay — €, we have

1
)\2—26.

(fra+ JiyHy(z) "' <

Moreover,

1
A9 — 2e

< (et (Ag+e)lHy )

A3+ 2e¢
Ag —2€

If we have f\\gtgi < 1 in some neighborhood of 0, we have proved that ®(g, H)

maps G X H to itself.
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Now we shall show ®(g, H) is a fiber contraction map. Let Ro(g, H)z(y) =

(for + Foy Hy ()W) Bi(g: H)a(y) = ((fra + FryHy )~

1)(3/), both of which are

linear operators in y. So we may write R(g, H)z = R9(g, H)o R1(g, H)z, where the

partial derivatives of f are evaluated at the point (u(z), g(u(z))). By what we have

just computed, we know

and

1
A9 — 2e¢

Ry (9, H)| = |(f1 + FryHy () '] <

And by the linearity of Ry and R9, we have

IN

IN

IN

IN

|R(g, H1)z — R(g, Ho)x|

|Ro(g, H1) o R1(9, H1)z — Ro(g, Ho) o Ry (g, H1)z|
+[Rolg, Hy) o Ry (g, H1)x — Ro(g, Ho) o R1(g, Ho)x|
|Ro(g, H1) — Ro(g, Ho)||R1(g, H1)x|

+|Ro(g, Hy) o (R1(g, H)2x — R1(g9, Ho)z)|
1

)\2 — 2¢

+|Ro(g, Ho)||R1 (9, H1)x — Ry (9, Ho)x|

1
Ao — 2¢

| foyHa — foyHil

(A3 +€)|Hy — Hq|

+(A3 +2¢)|R1 (g9, H1)z — R1(9, Ho)x|.
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Here |Ry(g, Hy)z — Ri(g, Ho)z| = |(f1g + F1yH1) ™1 = (fig + f1yHo) 71| which

involves inverse functions. So let us consider this trick:

—1 —1 —1 —1

which implies

—1 -1 -1 p—1
|F1 _F2 |§|F1 ||F2 || — F

By the above inequality, we have

R (9. Hy)z — Ry (9, Ho)z |
= |(fre + fryH1) " = (1 + f1yHo)

< (g + FigHD) " s + FrgHo) " I + fryHY) = (Fra + F1ygHo)|
1

2
< —
< ()\2_26) |f1yH1 — f1yH2l
I 2
< Hi{ — Hol.
< (/\2—26) ¢[Hy — Hy
Therefore,
A3+ ¢ A3+ 2e¢
R(g, Hy) — R(g, Ho)| < te Hy — Ho).
|R(g, Hy) — R(g, Ho)| (AQ_QE (A2_2€)2)| 1~

By (3.68), we have

/\3—|—€ /\3—|—2€

= +e€
8 (Ag — 2¢)2

— < 1.
A9 — 2¢

Hence, ® is indeed a fiber contraction, and the lemma is proved.
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Moreover, we can find the size of Dg*. By a similar argument in the previous

section, we start from (3.70), which says

€ A3+ €
_'_
)\2—26 )\2—26

|Dgn| = |R(gn—1aDgn—1)‘ <( ‘Dgn—l‘)

Let

A
‘ and N = 3+e

J=—
Ag — 2€’ Ay — 2€¢’

we have

|Dgn| < J + N|Dg,,_1].
Similar to the estimate in the inequality (3.30), we have

J €
—N—)\Q—)\3—36.

Dg*| <
Ig\_1

In order to have ¢* in 02, we need another fiber contraction to compute
D2g*. We still use the same notation and definition of G and H. Recall that
H = C?(H(Z), L(RQ, R)), now we define another functional space K to be the set
of candidates of D2 g:

K = c01(s) x (R?)2, R)

which is the set of bounded continuous functions K from II(X) to the bilinear maps

from R2 to R. K is a complete metric space equipped with the metric d(K1, K9) =

81



K1 — K9] induced by the norm
1 2

|K| = sup | Kz (vq,v9)].
:L‘EBlEO,‘Ul|:1,|’02|:1,’01,’02€R2

Similar to the previous fiber contraction constructions, we first use the chain

rule to find DT ¢(g) which gives the form of our bundle map. As we know
T (9) = fao(l,g)olfro (L) "
Let u(z) = [f] o (1,)] "L, we have
DT £(g) = for(u(z), g(u(x))) Du(z) + fo, (u(z), g(u()))Dg(u(x)) Du(z).

Now we take the derivative of the above with respect to x one more time to obtain

the following formula, all the derivatives of f are evaluated at (u(z), g(u(x))):

DITp(9) = foga(Du(@)? + fogyD(u(@))(Du(@))* + fop D*u(x) (3.73)
+{foyaDu(w) + fayy Dg(u(x)) Du()} Dg(u(x)) Du(x)

+foy {D?g(u(x))(Du(x))? + Dg(u(x)) D*u(x)}.

Now let us explicitly compute Du(z) and D2u(x). We have

Du(x) = [f15(u(x), g(u(®))) + f1,(u(x), g(u(x))) Dg(u(x))] !
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and with all the derivatives of f evaluated at (u(zx), g(u(z))):

D?u(r) = —Du(x){f135(Du())? +2f1 3y Dg(u(x))(Du(x))?

+F1yy (Do (u(@)2(Du(x))? + f1,(Du(x))>D3g(u(x))}.

In this form, we define

Dy =Dy(u, H)z = [f1, + flyHu(:E)]_l

and

D2:D2(u>H’K)$ - _Dl{flx:p(Dl)Q+2f1xyHu(;p)(D1)2

+f1yy(Hu(x))2(D1)2 + fly(Dl)QKu(x)}'

So we define the following functional derived from (3.73)

R(g, H,K) = Jogq(D1)* + JazyHy(5)(D1)° + Jaya D1 Hy () D1
+f2yyHu(x)D1Hu(;p)Dl + for Do

+f2yKu(x)(D1)2 + foyHy (1) D2

where the partial derivatives of f are evaluated at the point (u(z), g(u(x))), and
only the last three terms contain K. To get the fiber contraction operator in the

functional space G x H X IC, we let ¥ : G X H X K — G x H x K satisfy this form

(g, Dg, D) = (T 4(g), DT ¢(g), DT ¢(g)).
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So we write

\I](gaHa K) = (Ff(g)vR(gaH>7R(gaH7K>>

and we shall show that VU(g, H, K) is a fiber contraction on G x H x K with the

maximum metric in this product space.

Lemma 3.5.9. Given f satisfying the conditions at the beginning of this section.
In addition, each one of the second deriwatives of f is bounded by some constant

My > 0. If in By the following condition is satisfied

Aq + Aa + 2
3e+e(3 €)

g —202 " (g —2e3 L (3.74)

IU/:

then g* is C2 with

4M1 (A9 + A3)
(g —2€)3(1 — p)’

ID2¢%| < (3.75)

Proof: Let us first prove that ¥ maps G x H x K to itself, and it is clear that

we only need to show, for given g and H, R(g, H, K) is still in K. By our definition

Dy = [f1z + flyHu(x)]_l

and what we have obtained in inequalities (3.71), we have

1
)\2—26.

D1 =11z + F1yHy () ' <
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Also we have

2 2

Dol < [D1{If122]1P117 + 2l f124 |1 D1
Dy ? D12k

1yl D117 + L1y [1D1 171K}

= D1 (| f1gal + 2 Frayl + | iyl + 1y lIKD)
4My + €| K|
(Mg —2€¢)3

In addition, since |H| < 1 and each one of the second derivatives of f is bounded

by some constant My, we have

2 2 2
|R(g, H, K)| < [fogal|D11% + 2 fagyl D117 + [f2yy | D1 (3.76)

2
+(1foxl + [f2y )| D2] + [ foyl KDy

AM AMy + elK| (Do +6)|K
< 1 S+ (g2 1+ ¢ 3\ (A3 + )l 2|
(A2 — 2¢) (Ag — 2¢) (Ag — 2¢)

4M1 4M1 (/\3 + 26)

(o202 (Ag— 203
€(Ag + 2¢) (A3 +¢€)
208 T g =29

i)

Since K is also bounded, we know R(g, H, K) is bounded. Hence, we have proved ¥
maps G X H x K to itself. Now let us show the bundle map W is a fiber contraction

on G x H x K. By definition, what we need to show is the map K — R(g, H, K) is
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a contraction mapping. Again, from

R(g>H’ K) - fQZL‘l'(Dl)Q + fQZEyHu(x)(Dl)Q + nyl'DlHu(x)Dl
+f2yyHu(x)D1Hu(:p)D1 + nyKu(x) (D1)2

H(fag + FayHy()) Do

where

Dy = —Di{f1zz(D1)*+ 2f1xyHu(;p)(D1)2 + flyy(Hu(;p))2(D1)2}

—lely(Dl)QKu(x)

we notice that only the last two terms of R(g, H, K) involve K. We may have the

terms that do not contain K canceled if we perform the following substraction, i.e.,

R(ga]—LKl) - R(ga]—LKQ)
= nyK1(D1)2 - f2yK2(D1)2

+(fog + foy H){~D1 f1(D1)? K1 + Dy f1,(D1)* Ko},
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By using |H| < 1, we have

IN

| foy K1 (D1)? = foy Ko(Dy)?

2 2
+lfor + foy D1 f14(D1)" K1 — D1 f1y(D1)7 K2

IN

(A3 + )| K1(Dq)? — Ko(D1)?|

(A3 +26)[ Dy f1y)(D)?|| K1 — Ko

IN

9
(A3 +€)| K7 — K[| D1

(A3 + 26)e| D1 P|K — Ko

A3+ € €(Ag + 2¢)
( 3 D) 3 3)|K1_K2|'
(A9 — 2¢) (Ao — 2¢)

(. J

o

IN

We may observe that

A3 +¢€ €(Ag + 2e¢) A3
—+ =~ .
A —292  (Ag—2¢)3  (Ag)2

IU/:

If close enough to the saddle fixed point and the strong contraction is much smaller

than the weak contraction, we may well have p < 1. So under the condition that

Ao + Ay + 2
3+e +6(3 €)

<1
(A =202 (A9 —2¢)3

we have proved that the map K — R(g, H, K) is a contraction mapping. Moreover,
we can find the size of D2 g~ by essentially the same argument used in the previous

section about the iteration (3.70). So we do not repeat the full argument here, the
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complete details of which has been shown in the previous section. Here we start

with the following estimate, derived from (3.76), which says

R(g, H.K)| < 4Mq +4M1()\3+2€)+{6(/\3+26) (A3 +e) VIK].
Mo =292 (M —293  “(Ng—293 (\y—20%°
J N
Let
4Mq 4N, ()\3 + 2¢) 4]\/[1()\2 + )\3)
T0g—202 " (=208 (g2

and from the above

(A3 +2¢) N A3+ €

= <1.
(Mg —26)3 (A9 —2¢)?

Since K'’s are candidates of D2g*, the above inequality gives us a recursive

relation as
D2 =|R D D2 < J+ D2
|D%gn| = |R(9y,—1, Dgp—1,D"9p—1)| < D= gy 1.

Then we have the estimate similar to the one in the inequality (3.30), i.e.,

D2 < - = 4M1(A23+A3)
L=n (Mg =20°(1 —p)
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3.6 Straightening Invariant manifolds of a three
dimensional map

In this section, we flatten out the local stable and unstable manifolds of a 2 map
f: R3 — R3 near its saddle fixed point at 0. We will make a C? transformation of

the neighborhood so that the local invariant manifolds of f are flattened.

First of all, let us state the Hadamard-Perron Theorem (Stable manifold Theo-

rem).

Theorem 3.6.1. Let f : M — M be a C" diffeomorphism of a smooth manifold M,
and let p be a hyperbolic fized point of f with associated splitting TpM = Eg D E]‘;
then W3(p) is a C" injectively immersed copy of Eg and W¥(p) is a C" injectively
immersed copy of Eg Moreover, W5 (p) is tangent at p to E]‘g and WY(p) is tangent

U
at p to Ep.

Now let us start by assuming f : R3 — R3is 02 and satisfies the following
conditions. Let L = Df(0) = (L%, L%), and R? = EU @ ES be the splitting
given by the hyperbolicity of L, where E¥ and E* correspond to the 21 —axis and

rorg—plane respectively. So we write

flxy) = (L% + fi(z,y), L + fo(z.v) = (f1(z,9), fo(z,y))

where fl and fQ are the higher-order nonlinear terms of f. And let BEO be the box
around the origin of radius &), 8150 = Bgo Nx1-axis, and 3260 = Bgo Nxox3-plane.
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And we assume f = (f1, fo, f3) satisfies the following conditions in BgOI

1L L% =) > 1, LSI(A27A3)70<)\3<)\2<1;

2. f;(0) =0 and the first partial derivatives fi:cj (0) =0, fori,j =1,2,3;
3. |ﬁxj| < e and |fiﬂfﬂk| < My, fori,j, k= 1,2,3.

We wish to find a C2 function g : 8150 — BQ“’:O whose graph is WZ%C(O) and is
invariant by f. In order to find another function whose graph is Wlsoc(o)’ one may
set g : BQ“’:O — BL":O' Since the work are essentially the same, we only state the
results of g that corresponds to WZ%C(O). By using the same graph transform method
appeared in the previous section, it can be shown that there is such a function g

and it is C2. As before, we set

I plg)=fa0(Lg)olf1o(1,9) !

and

G ={9: Bigy = Bagyl 9(0) = 0, Lip(g) < 1}

which is a complete metric space with the metric

d(g1,92) = sup |g1(x) — go(x)].
xEBlgo

We start with gy = 0, then g; = Ff(go), and inductively, gn = Ff(gn_l), the
sequence of which converges to some function ¢* € G. Since the proof is essentially

the same as is shown in the previous section, we do not repeat the work here. We
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will adapt a few constants, and state the lemmas and theorem accordingly.

As in the previous section,

fla,y) = (Lo + fi(z,y), L%y + folz,y)) = (f1(z,y), fo(z,y))

with m (L) be its weak contraction eigenvalue, and |L%%| be its strong contraction

eigenvalue.

In this section, we have

f(x,y) = (L% + fi(2,y), LS + fo(z, ) = (f1(2,9), falz,y))

where

m(L%) =LY = X\{, |L%| = \o.

Hence, we may adapt Lemma 3.5.7 to have

Lemma 3.6.2. Given f satisfying the conditions at the beginning of this section, if
A —€>0and (Ag+e€)(A] — e)_l < 1in Bg, then Ff(g) is well-defined and maps

G to atself. If, in addition,

n=0g+al+ <1

1 —€

then Ff(g) 1s a contraction mapping with contraction p. The unique fized point of
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Ff(g) is a CO function g* with
* n
g < ——lg1 — g0l-
1< o~

We get the following Lemma based on Lemma 3.5.8.

Lemma 3.6.3. Given f satisfying the conditions at the beginning of this section, if

the following conditions are satisfied in BEO

Mt ) + <
an €
A — 2e A =26 (A —26)2

Subsequently, we adapt Lemma 3.5.9 into

Lemma 3.6.4. Given f satisfying the conditions at the beginning of this section,
i addition, each one of the second derivatives of f is bounded by some constant

Mgy > 0. If in BEO the following condition is satisfied

/\2+€ +€()\2+26)<1

T =202 T 0 — 207

then we have g* is C2 with
4Mo (A1 + Ag)

(A1 —203(1 - p)

92

ID?g*| <



In summary, analogous to Theorem 3.5.1 we conclude the theorem as follows.

Theorem 3.6.5. Given that f satisfies the above conditions, if in Bgo we have the

following conditions satisfied

A —€>0 ()\2+6)()\1—e)_1§1

= (A 1 <1
1= (g +91+5-=)
A 2 2
9+ €<17 )\2+6+€ Ao + 2¢ <1
A — 2€ A =2 (A —26)2
= Ao +€ 6()\2+26)<1

(A =202 (A —2¢)3
then we have a unique 2 function g* : 8150 — BQ“’:O’ whose graph is WZ%C(O) of

f. Moreover, we have

*‘S;
A — A9 — 3¢

4]\/[2()\1 + )\2)

2 %
|D<g™| <
(A —263(1 - p)

After we have obtained 2 parameterizations of both local stable and unstable
manifolds of f at 0, which are now denoted by gs, and gy, respectively. Then, in
general, W7 (0) (respectively W;? (0)) is not in E° (respectively E'). However,
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we will show there is a C2 diffeomorphism ]7 which conjugates to f and has both

local stable and unstable manifolds straightened. Let us consider the map
"B 3

with

p(x,y) = (. — gs(y),y — gu(x)). (3.77)

By this definition, p is c?, p(0) = 0 as gs(0,0) = gy (0) = 0, and Dp(0) is the

identity
1 —95(0) 10

—gy,(0) 1 0 1

/ /
where we used the properties of the local manifolds that ¢g4(0) = g,,(0) = 0. Thus
p is a diffeomorphism in some neighborhood of 0 € R3 by the inverse function

/
theorem. In Bgo N f_l(Bgo), such that p : Bgo N f_l(BgO) — V. let

f=pfp L. (3.78)

~ ~
Then f:V — Visa c? diffeomorphism, with f(0) = 0 and Df(0) = L. More-
over, in Bgo the local stable (respectively, unstable) manifold of f is in EY, i.e.,

r9xrg—plane (respectively EY ie., xq-axis). We can verify that property as follows:

p(gs(W),y) = (9s(y) — 9sW), ¥ — gulgs(y))) = (0,y — gulgs(y)))
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and

p(z, gu(z)) = (v — gs(gu(r)), gu(z) — gu(r)) = (x — gs(gu(z)),0)

Thus, up to a smooth conjugacy, the local manifolds of f is straightened.

95



BIBLIOGRAPHY

96



1]

2]

3]

[4]

[5]

8]

BIBLIOGRAPHY

John Guckenheimer and Philip Holmes. Nonlinear Oscillations, Dynamical Sys-
tems, and Bifurcation of Vector Fields, volume 42 of Applied Mathematical Sci-
ences. Springer-Verlap, New York, 1983.

P. Hartman. On local homeomorphisms of euclidean spaces. Bol. Soc. Mat.
Mezicana, 5:220-241, 1960.

P. Hartman. Ordinary Differential Equations, 2nd ed., volume 38 of Siam Clas-
sics in Applied Math. STAM, 2002.

M. Hirsch and C. Pugh. Stable manifolds and hyperbolic sets. Proc. AMS Symp.
Pure Math., 14, 1970.

J. Palis and F. Takens. Hyperbolicity and Sensitive Chaotic Dynamics at Homo-
clinic Bifurcations., volume 35 of Cambridge Studies in Advanced Mathematics.
Cambridge University Press, 1993.

Clark Robinson. Dynamical Systems, Stability, Symbolic Dynamics, and Chaos,
second ed. Studies in Advanced Mathematics. CRC Press, 1999.

Colin Sparrow. The Lorenz Equations: Bifurcations, Chaos, and Strange Attrac-
tors, volume 41 of Applied Mathematical Sciences. Springer Verlag, New York,
1982.

S. Sternberg. Local Contractions and a Theorem of Poincaré. American Journal
of Mathematics, 79(4):809-824, October 1957.

[9] W. Tucker. A rigorous ODE solver and Smale’s 14th problem”. Foundations of

Computational Mathematics, 2:53-117, 2002.

97



